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1 Introduction 



The aim of this work is to describe and study the generalized homologies associ- 
ated with nilpotent endomorphisms d satisfying d N = 0, N being an integer with 
N > 2. Throughout this paper k is a commutative ring with a unit and N is an 
integer greater than or equal to 2. 

In Section 2 the notion of TV-differential module is introduced and the corre- 
sponding generalized homology is defined and studied. A TV-differential module 
over k is a k -module equipped with an endomorphism d, its TV-differential, 
satisfying d N = 0; its homology being the k -modules ker(d n )/lm(d N ~ n ), n = 
1, . . . , TV — 1. Lemma 1, which has no nontrivial counterpart in the classical sit- 
uation TV = 2, turns out to be a basic result for the development of the theory. 

In Section 3 the graded case is studied. A iV-complex of modules is a TV- 
differential module which is graded with a TV-differential homogeneous of degree 
1 or — 1. To a TV-complex is associated a family of ordinary complexes and we 
study the relations between their homologies. Given a pre-(co)simplicial mod- 
ule and an element q of the ring k such that [N] q = 0, (see in Section 2 for 
the definitions of u q- numbers" ) , we construct a family of TV-differentials and we 
show that the corresponding generalized (co) homologies are related by homomor- 
phisms to the ordinary (co)homology of the pre-(co)simplicial module. In the case 
of a (co)simplicial module and if furthermore q is such that [n] q is invertible for 
n — 1, . . . , N — lwe show that these homomorphisms are isomorphisms and that 
this allows to identify these generalized (co) homologies in terms of the ordinary 
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one. Although that kind of results may be expected in view of the Dold-Kan 
correspondence, the identifications as well as the proof of these identifications 
are far from being trivial. Applied to the generalized Hochschild (co) homology 
at roots of unity, these results imply the results announced in [|MD-V|1 as well as 
the results of |[KW |. Applied to simplicial complexes in the case where N is a 
prime number and where k = Z/iVZ, these results give an improvement of the 



results of [May 



In Section 4 the corresponding generalization of graded differential algebras 
is introduced and discussed. Several examples are described and we construct 
universal models associated with associative algebras generalizing thereby the 
construction of the universal graded differential envelope of an associative algebra 



Kar|. These examples have been introduced in |D-VK 



or m 



MD-V in the case 



where k = C, however here we give a different presentation in the framework of 
cosimplicial algebras. Furthermore there are some subtilities in the replacement 
of the field C by the ring k . 
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2 N- differential modules 



Throughout this paper k is a commutative ring with a unit and N denotes an 
integer with N > 2. By a module without other specification we always mean a 
k -module; the same convention is adopted for endomorphisms, homomorphisms, 
etc.. A N-differential module is a module E equipped with an endomorphism 
d, its N-differential, satisfying d — 0. Given two iV-differential modules (E,d) 
and (E',d'), an homomorphism of N-differential modules of E into E' is an ho- 
momorphism ip : E — > E' satisfying (p o d = d! o ip. The iV-differential modules 
and their homomorphisms form an abelian category so one can speak there of 
kernels, exact sequences, etc. 



Let £ be a iV-differential module with iV-differential d. One defines for 
each integer n with 1 < n < N — 1 the submodules Zi n ^{E) and B^(E) by 
Z {n) (E) = ker(cT) and B [n) (E) = Im (d N ~ n ). Since d N = 0, one has B {n) (E) C 
Z(n)(E) so the module H^(E) = Z( n )(E) / 'B( n )(E) is well defined. The mod- 
ules H( n \(E), 1 < n < N — 1, will be refered to as the homology of E. As- 
sume that N > 3 and let n be an integer with 1 < n < N — 2, one has 
Z(n) (E) C Z{n + \) (E) and _B( n ) (i?) C -B(n+i) which induces an homomorphism 
[i] : H(n)(E) — > if( n+ i)(S); on the other hand one also has dZ( n+1 ^ (E) C Z^{E) 
and dB( n+ i)(E) C B^{E) which induces an homomorphism [of] : H( n+ i^(E) — > 
H( n )(E). The following basic lemma |P-VK|| shows that the H^(E) are not 
independent . 
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LEMMA 1 Let £ and m be integers with I > 1, m > 1 and £ + m < N — 1. 
Then the following hexagon (Ti, e,m ) of homomorphisms 

[d] m 



H(m)(E) 



H(£+m) (E) 




H(N-m) (E) 



H(N-t)(E) 



H(N-(£+m))(E) 



is exact. 



Proof. |P-VK|| . By interchanging (m, £),(£, N—(£+m)) and (N—(£+m), m), it is 



[i] e [d] m 

sufficient proving the exactness of the sequences H^(E) — >H^ +m - ) (E) — >H^(E) 

[d] m [j]iV-(£+m) 

and H(£ +m )[E) — >H^(E) > H^ N _ m ){E). It follows from the definitions 

that [d] m o [if is the zero map of H {m) {E) into H {e) (E) and that [i] N -^+ m ) o [d] m 
is the zero map of H^ +m ^(E) into H( N _ m j(E). Let 2 G Zu +m \{E) be such that 
(i" 1 ^ = d N ~ e c for some c E E; then <i m (;2 — d JV ~^ +m )c) = which means that the 
class of z in H^ +m )(E) belongs to [i] Ht m \(E) which achieves the proof of the 
exactness of the first sequence. Let z G Z^(E) be such that z = [d] m c for some 
c G E; then d e+m c = which means that the class of z in H^(E) belongs to 
[d] m H(i +m )(E) which achieves the proof of the exactness of the second sequence. 



□ 



Let (p : E — > E' be an homomorphism of iV-differential modules. Then one 
has ip(Z^(E)) C Z( n ){E') and (p(Br n }(E)) C Bt n \(E') so induces an homo- 
morphism : H( n )(E) — > H^(E') for each integer n with 1 < n < N — 1. 
The correspondences E i— > H^(E) are of course functorial with H( n )(ip) = tp*. 

5 



Furthermore one has </?* o [i] = [i] o ip* and o [rf] = [d] o 



PROPOSITION 1 Let ip : E ^ E' be an homomorphism of N -differential 
modules and assume that ip* : H^(E) — > H^(E') and ip* : H^-i^E) — > 
i?(Ar-i)(£") are isomorphisms. Then ip* : H( n )(E) — > H^(E') is an isomorphism 
for any integer n with 1 < n < N — 1. 

Proof. By induction: Let n be an integer with 1 < n < iV — 2 and assume that 
y?* : H {rn) (E) ->• H( m) (E') and : H {N _ m) (E) ->• H {N _ rn) (E') are isomorphisms 
for each integer m such that 1 < m < n; considering the action of </?* on the 
hexagon one obtains the two commutative diagrams with exact columns 

H(N-n){E) » H {N -n)(E>) H (n) (E) ^ . #(n)(#') 



H(i)(E) 



H {1) (E>) 



H(N-i) (E) 



H(N-i)(E') 



H( n+ i)(E) — — - H {n+ i){E') 



H(N-n-l)(E) — - — - H/ N _ n _i){E') 



id] 



H {n) (E) H (n) (E') 



H(n-i)(E) — — — - H( N _i)(E') 



H, N _ n) (E) 



H(i)(E) 



H(N-n) (E') 



in which the first two rows and the last two rows are isomorphisms, which implies 
by the "five lemma" that : H( n+1 )(E) — > H( n+1 )(E') and : H( N -( n+ i))(E) — > 
i?(Ar_( ri+ i))(-E / ) are also isomorphisms. □ 



Remark 1. It is worth noticing that Hn\(E) © Hm_u(E) is the ordinary homol- 
ogy of the ordinary (Z 2 -graded) differential module £ = E © E with differential 
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S defined by 5(x © y) = d N ' 1 (y) © d(x). 



Let us now generalize in this context the construction of the connecting ho- 

momorphism associated to a short exact sequence of differential modules. So let 

0^£ , ^F^G^0bea short exact sequence of ^-differential modules and 

let g G Z(n){G), (1 < n < N — 1). Then, by exactness at G, there is an element 

f of F with (3(f) = g. One has P(d n f) = d n g = and therefore, by exactness at 

F, there is an element e of E with a(e) = d n f. One has a(d N ~ n e) = d N f = 

which implies, by exactness at E, d N ~ n e = that is e G Z^^ n )(E). Given g 

as above, / is unique up to a(E), in view of exactness at F, and therefore e 

is unique up to d n E = B^ N _ n ^{E) in view of exactness of E. Furthermore if 

g e d N - n G = B (n) (G) then e G d n E = B {N _ n) (E). Therefore one has a well 

defined homomorphism d : H( n )(G) — > H^- n ){E) which generalizes the usual 

connecting homomorphism. These homomorphisms d : H^(G) — > H^_ n ^(E), 

for 1 < n < N — 1, will be refered to as the connecting homomorphisms associated 

with the short exact sequence O^SAFAG^Oof iV-differential modules. 

This construction is functorial in the following sense: If one has a commutative 

diagram of iV-differential modules 

E F G 



.e'—^f'—^g' . o 

where the rows are exact, then the connecting homomorphisms d and d' associ- 
ated with the first and the second row are related by A* o d = d' o : (G) — > 

H(N-n)(E'). 
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Remark 2. For later purpose let us notice the following: 

For each n (1 < n < N — 1), the application of d n enter in the construction of 
d : H(n){G) — > H(N-n)(E) in such a way that, in the graded situation, the degree 
of d : H(n)(G) — > H( N _ n )(E) is the degree of <f\ 

The following lemma is the generalization to iV-modules of the exact triangle 
in homology associated with a short exact sequence of differential modules (the 
usual case N — 2). 

LEMMA 2Let0^E^F^G^0bea short exact sequence of 
N -differential modules with associated connecting homomorphisms denoted by d. 
Then for each integer n with 1 < n < N — 1, the following hexagon (Ti n ) of 
homomorphisms 



H {n)(F) — - H {n) (G) 




H {N _ n) (G) H {N _ n) (F) 

is exact. 

The proof of this lemma follows from the definition and is the same as the 
proof of exactness of the triangle in the usual case N = 2. Kassel and Wambst 
gave in [KW] a direct proof of this lemma together with the construction of d by 
using the snake lemma. 
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Let us give now some criteria ensuring the vanishing of the H( n )(E). The first 



criterion is extracted from [ [Kapr 



LEMMA 3 Let E be a N- differential module such that H^(E) = for some 
integer k with 1 < k < N — 1. Then one has H( n ){E) = for any integer n with 
Kn <N- 1. 



Proof. Although Kapranov gave a nice direct proof of this in |[Kapr|| , we give 
here a proof by using Lemma 1. One extracts from the hexagon (Ti. k ~ 1,1 ), when 
k > 2, the exact sequence 



id] 1 



H( N -i)(E) 

and the mapping [(i]^ - ^ : H^^(E) — > H(k-i){E) is the zero mapping because 
either k = N — 1 ot il k < N — 2 it factorizes through 



H(n-i)(E) 



[d] 



H(k)(E) = — > H(k-i)(E). 



Thus H(ty(E) = implies Hr n \(E) = for any n with 1 < n < fc. On the other 
hand, one extracts from the hexagon (7i k > 1 ), when < N — 2, the exact sequence 

[i] [d] k 

= H{k){E) — > H(k + \){E) — > H(\){E) and H^(E) = in view of above, there- 
fore i?(fc+i) (-£7) = 0. This achieves the proof of the lemma. □ 



For next criterion which is in [Kap_r] and in |KW], we introduce, following 
Kassel and Wambst |KW], the appropriate notion of homotopy. Let E and F be 
two iV-differential modules; two homomorphisms of iV-differential modules, A and 
/i, of E into F will be said to be homotopic if there exist module-homomorphisms 

JV-l 

h k : E -»• F, (A; = 0, 1, . . . , N - 1), such that A - /i = ^d N - l ~ k h k d k . This i 
equivalence relation. 



is an 



fc=0 



LEMMA 4 If X and \x are home-topic homomorphisms of N -differential modules 
of E into F , they induce the same homomorphisms in homology, i. e. 

A* = /i* : Ht n \(E) — > Hr n \(F) 



for each integer n with 1 < n < iV — 1 . 



N-l 



Proof. |PW| . By applying A - /i = ^d N ^ k h k d k to an element z of Z (ri) (£) 



fc=0 



'n-l 



one obtains A(z) - /i(z) = c^"™ ^d n - l ~ k h k d k z) I . ( I < // < .V - I ). rims 

Vfc=o 

the difference between the elements A(z) and /j(z) of Z( n )(F) belongs to B^(F) 
which implies the statement. □ 
Next criterion follows immediately. 



COROLLARY 1 Let E be an N- differential module such that there are endo- 
morphisms of modules h k : E — > E for k = 0, 1, . . . , N — 1 satisfying 

N-l 

2_^d N ~ 1 ~ k hkd k = Me; then one has H^(E) = for each integer n with 



k=0 

1< n < N- 1. 



In order to formulate the last criterion which will be the most useful in the 
following, we recall the definition of g-numbers. Let q be an element of the ring 
k , one associates with q a mapping [.} q : N — > k , n i— > [n] q , which is defined by 
setting [0] g = and [n] q = 1 + • • • + q n ~ l = X]fe=o Q k f° r n — 1> (?° = -0- For 
jiGN with n > 1, one defines the g-factorial [n] g ! G k by [n] g . . . 1 = n&=iMg- 
For integers n and m with n > 1 and < m < n, one defined inductively 
the g-binomial coefficients 



n 
m 



n 
m 



+ q 



,m+l 



n 

m + 1 



n + 1 
m+1 



n 




n 
n 



1 and 



G k by setting 

for < m < n — 1. As in |KW] let us 



introduce the following assumptions (Aq) and (Ai) on the ring k and the element 
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q of k : 

(A>) WU = o 

(Ai) [N] g = and [n) q is invertible for 1 < n < N - 1, (n G N). 

Notice that [iV] 9 = implies that = 1 and therefore that q is invertible. 
Furthermore if q is invertible one has [n] q -i = q~ n+1 [n] q , Vn G N. Therefore 
Assumption (A ), (resp. (Ai)), for k and q G k is equivalent to Assumption 
(A ), (resp. (Ai)), for k and q^ 1 G k . 



We are now ready to state the last criterion [|MD-V 



LEMMA 5 Suppose that k and q G k satisfy (Ai) and let E be a N- differential 
module. Assume that there is a module- endomorphism h of E such that 
hd—qdh = ld^- Then one has Hi n ){E) = for each integer n with 1 < n < A— 1. 

AT-l 

Proof. We shall show that one has the identity ^d N - l - k h N ~ l d k = [N-l] q \Id E 

k=0 

which implies the result in view of Corollary 1. In order to prove the lat- 
ter identity, consider the unital associative k -algebra T> q generated by two 
elements H and D with relation HD — qDH = t. In T> qi one clearly has 

N-l N-l 

^ D N-i-k H N-i D k = J2 arD r H r for gome a? _ G k . We s hall show that, under 

fc=0 r=0 

assumption (Ai), one has a$ = [N — and a r = for 1 < r < N — 1 which 



implies the result. There is a proof of this in ||KWjl - Here however we give a 



simpler proof which has been suggested by Rausch de Traubenberg and which is 



essentially extracted from the algebraic technics of ||RdT|| . Consider the matrices 
H N and D N of M N (k ) defined by 
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/ o 

W ~ l] q 




H 



N 



V o ... [1], Oj 



and 



/ 1 



D N = 



\ 



. 
. 1 



([!]* = 1)- 

One has in M^Ck ) : 



/ ~q[N - 1], 



H N D N - qDjqH 



N 



V 1 / 

It follows from [N] q = that -q[N - l\ q = 1 and thus //iv-Djv - qD N H N = 1, 
which means that if h- > if at, -D h- > Djv define an homomorphism of T> q into the 
k -algebra M N (k ). This implies that one has 

N-l N-l 



^ ^tv 1 ^-^w = a r D r N H 



r 

N- 



k=0 r=0 

On the other hand one easily obtains by computation 

JV-l 



52D»- 1 - k H»- 1 D* N = [N-l] q ll 



k=0 



12 



It follows that (a - [iV-l],!)l + Er=i a r D r N H r N = which implies a = [N-l] q \ 
and a r = for 1 < r < N — 1 since D r N H r N is a diagonal matrix with the first 
(N — r) diagonal elements invertible (by Assumption (Ai)) and the last r diagonal 
elements vanish. □ 

Let us now say a few words on the case where k is a field. In this case a 
iV-differential module E will be called a N-differential vector space and the 
H( n ){E) are vector spaces. 

LEMMA 6 If E is a finite- dimensional N-differential vector space then, for 
each integer n with 1 < n < N — 1, the vector spaces H^(E) and H( N _ n )(E) are 
isomorphic. 

Proof. One has the isomorphisms of vector spaces 
E ~ ker(rf n ) © Im(rf n ) = Z (n) (E) © B {N _ n) (E) and 
E ~ ker(d N ~ n ) © Im(d N ~ n ) = Z {N _ n) (E) © B {n) {E). 

On the other hand, one also has the isomorphisms of vector spaces Z^(E) ~ 
H {n )(E) © B {n )(E) and ^^(i?) ~ H {N ^ n )(E) © B^ N - n ){E). The isomorphism 
H{n){E) ~ H (N _ n) {E) follows. □ 

Warning: One must be aware of the fact that the above isomorphisms are not 
canonical; in particular, they do not allow to replace the exact hexagons of Lemma 
1 and Lemma 2 by exact triangles. 



In the case where (E, d) is a finite dimensional A-differential vector space over 
k = IR or C one shows easily (see e.g. in ||Grej| ) by decomposing E into irreductible 
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factors for d that one has an isomorphism E ~ ©^ =1 k n ®k mn , d ~ ©^L 2 -Dn®-^k m ™ 



with 



/ 1 . 



Dr 



. 
. 1 



e M n (k ) 



where the multiplicities m n , n e {1, . . . , N}, are invariants of (E,d) with 
Yln=i nm n = dim(.E'). Notice that one has > 1 whenever d N ~ l ^ 0. Notice 
also that the above decomposition of d is its Jordan normal-form. In terms of 
the multiplicities, one can easily compute the dimensions of the vector spaces 
Hn.\(E). The result is given by the following proposition. 

PROPOSITION 2 Let E be a finite dimensional N -differential vector space 
over R or C with multiplicities m n , n 6 {1,2, . . . , N} , then one has for each 
integer k with 1 < k < N/2 

fc-l N-k 



dimH^(E) = dim H( N _ty(E) = ^V(m r + m N _ r ) + k 



m K 



r=l 



the first summation vanishing for k — 1. 



Although easy, that kind of results is useful for applications e.g. in conformal 
field theory p=VT \. 
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3 TV-complexes and (co)simplicial modules 

In this section we study the Z-graded case. A N-complex of modules [ |Kapr|| 
is a iV-differential module which is a Z-graded module E = ©„ e z E n with an 
homogeneous iV-differential d of degree 1 or —1. When d is of degree 1, E is 
refered to as a cochain N-complex and when d is of degree —1, E is refered to as 
a chain N-complex. One passes easily from the cochain case to the chain case. 
Here we adopt the cochain language and therefore in the following a N-complex, 
without other specification, always means a cochain iV-complex of modules. An 
ordinary complex, or simply a complex, will mean an ordinary cochain com- 
plex of modules that is it corresponds to the case where N = 2. If E is a 
iV-complex then the H( m ) (E) are Z-graded modules; iJ( m ) (E) = ® n & H^n) (E) 
with H£ m) (E) = ker(d m : E n -> E n+m ) / d N - m (E n+m - N ). In this case the hexagon 
(TC e ' m ) of Lemma 1 splits into long exact sequences (Sp ,m ), p G Z 



Tj-Nr+p/ jp\ [*] TjNr+p / jp\ TjNr+p+m/ jp\ 



V ) > ^(JV-m) > H (N-(i+m)) ( 



-> 



One has (Sp' m ) = («Sp+]v) which means that (Sp' m ) does only depend on the class 
of p in Ztv = Z/iVZ. Thus for fixed m as in Lemma 1 one has only N inde- 
pendent long exact sequences (<Sp' m ) which are obtained for instance by taking 
p in {0, 1, . . . , N — 1}, however it will be convenient in the following to keep the 
redundant indexation by p e Z. 
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Let E and E' be iV-complexes, an homomorphism of N -complexes of E into E' 
is an homomorphism of iV-differential modules tp : E — > £" which is homogeneous 
of degree 0, (i.e. ^>{E n ) C -E /n ). Such an homomorphism of ^-complexes induces 
module-homomorphisms : H™ m ^(E) — * H?JE') for n € Z and 1 < m < AT — 1. 
Let 0— ^E-^F^G^Obea short exact sequence of A^-complexes, then the 
hexagon (Tt n ) of Lemma 2 splits into long exact sequences (S n ,p),P £ ^ 

(n) 



_9 H N(r + l) +P ( E) 



One has again (<S n;P ) = (iS niP+ 7v) so there are A" such sequences for a given integer 
n with 1 < n < N - 1. 

Let £ be a iV-complex, we associate to E the following ordinary complexes 
C m , p , 1 < ra < AT — 1, pGZ 

that is C m , p = ©„ eZ C£ iP with C^+f = S^+f and C^ +1 = the dif- 

ferential of C m)P being given alternatively by d m and d N ~ m . Again one has Crn p — 
C m , P +N so, for fixed m in {1, . . . , AT — 1}, there are generically only A" distinct 
such complexes which are obtained for instance by taking p in {0, 1, . . . , N — 1} 
but it will be convenient in the following to keep the redundant indexation by 
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p G Z. Notice that one also has C m)P = CN- m , P +m (so there may be less than N 
distinct relevant p). Let t and m be integers with t > 1, m > l,£ + m < N — 1 
and consider the following commutative diagram 



_^ rpNr+p a ) r?Nr-\-p+m _^ ^ ipN(r+l)+p a ) 



d , fiNr+p ^ ^Nr+p+i+m d ' } j^N(r+l)+p J± > 



where I denotes the identity mappings of the corresponding modules. The first 
row is the complex C mtP and the second row is the complex Ci +nitP so the columns 
define an homomorphism of complexes A 1 : C m>p — > C^ +rrijP ] this notation is justi- 
fied by the fact that one has A 1 = (A 1 )^ A^ = A r A s if £ = r + s with r > 1, s > 1. 
In (co) homology, A e induces homomorphisms Af : H n (C m , p ) — > H n (Ce +m ^ p ); 
Af : H*(C mtP ) — > H*(Ce +m:P ) is an homomorphism of graded modules. 

LEMMA 7 The following conditions (a), (b) and (c) are equivalent. 
(a) H^ r+p+m (E) = and H^ p+i+m (E) =0, Vr G Z 

(6) : - ^(S) ana" : H»£%«{E) - are 

isomorphisms, Vr G Z. 

(c) Af : H*{C m . p ) — > H*{C^ +m . p ) is an isomorphism. 

Proof. The equivalence (a) (6) follows from the exactness of the sequence 
(S e p ' m ). The equivalence (6) (c) follows from H^ } +P (E) = H 2r+p (C m , p ), 
H*£*(E) = H^(C e+m , p ) and A{ = on H^(C m , p ) = H^ +P (E) and from 

on ^ +P+ i (Cmip) = ^_ + p+ m(E) _ n 
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COROLLARY 2 The following conditions (i), (ii) and (in) are equivalent, 
(i) H^JE) =0 if n ^ p (modN) and n + m 7^ p (modN), 
{ii) A* : H*(C miP ) — > H*(C m+ i jP ) is an isomorphism, Vm G {1, . . . , N — 2}, 
(Hi) H^ +p+m (E) = andH N ^+ m+1 (E) = 0, Vm G {1, . . . , iV-2} andWr G N. 

In the following, we shall be mainly concerned with positive iV-complexes, 
that is with the N-graded case E = Q)nemE n (or E n = if n < 0). There is a 
standard way to produce positive complexes starting from (co)simplicial modules, 
(see e.g. [ J-LL | , | Weibf ) . A pre-cosimplicial module (or semi-cosimplicial in the 



terminology of ||Weib|| ) is a sequence of modules (E n ) n& -M together with cofa.ce 



homomorphisms fi : E n — > E n+1 , i G {0, 1, . . . , n + 1}, satisfying 
(30 fjfi = Ufj-i if i < J- 

Given a pre-cosimplicial module (E n ), one associates to it a positive complex 

(E, d) by setting E = ©„ eN £" and d = Etoi^YU : E " ~* E " +1 - 

One verifies that d 2 = is implied by the coface relations (J). 

In the rest of this section (E n ) is a fixed pre-cosimplicial module, d will always 

denote the above differential and q is a fixed element of k such that [N] q = 0, 

(i.e. k and q G k satisfy assumption (Aq) of §2). Furthermore, the H n = 

H n (E) = ker(d : E n -> E n+l )/dE n ~ l will denote the (co)homology of (E, d) and 

will be refered to as the cohomology of the pre-cosimplicial module (E n ). 

Let us define two sequences d m , 5 m (m G N) of homogeneous endomorphisms of 

degree 1 of E by setting 

8 m = Er=o m+1 ?*f< : Rn for n > m - 1 and 5 m (E n ) = for n < m - 1 

d m = 5 m+ i + g"- m+1 (Er=o(- 1 ) r fn-m+r+i) : £ n -> £ n+1 for n > m - 1 
d m = d : E n —> E n+l for n < m — 1 and rf = <V 
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Notice that d n+ i = d on E n and that therefore d m = d on E n for n < m — 1. For 
n > m — 1 > one can also write 

d m = 5m ~ q^HEZoi-mn-m+r^) = - 

LEMMA 8 Let n and m be elements of N with n > m. Then, on E n one has 
the following identities: 

(<) C +1 = + [P + l]^"- m+1 E"L (-l) r fn- m+ r + l), V P G N 

(ii) 5^ = 5 p m+1 (8 m+1 + [p+ l] q q n - m+1 f n „ m+1 ), Vp G N. 
Furthermore the following identity holds on E for any m G N 
(Hi) d m+1 d m = S m+l . 

Proof. By induction on p. From the definitions it follows that (i) and (ii) are 
true for p = 0. The passage from p to p + 1 follows from (J) which implies 

(W + [P + l] 9 g n ' m+2 Er=o(- 1 ) r fn-m+r+2)<^ = 
<W<Wl + [ P + 2] q q n - m+1 Er=o(- 1 ) r fn-m+r+l) 

and 

(<Wl + [P + l],g n - m+2 fn- m+2 )5 m = <Wl(<Wl + [p + 2] q q n ~ m+1 f n „ m+ l). 

For (m) one first notices that on E n with n < m — 1 one has d m+ id m = d 2 = 
and £ m +i = 0. On the other hand if n > m one has on E n 
dm+\d m 

= (8 m +l - q n ~ m+l E"Lo( _1 ) r f™-m+'*+2)( ( Wl + q n ~ m+l J2T=o(^) S fri-m+s+l) 
= 0~ m +l + Q. n ~ m+1 (°~m+l - S m+2 ) Y^ =() (-}) r U-m+r+l 
~(Q. n m+1 ) 2 (2~2T=o(~ l) r fn-m+r+2)(E^lo( _ ^Yfn-m+s+l) 

= s 2 m+1 + (g m - m+1 ) 2 (E"L + o 1 (-i) r f— + r. + i)(E™ (-i) s fn- m+s+ i) 
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It is worth noticing that the assumption (A ) (i.e. [N] q = 0) is not needed for 
this lemma. It is needed however for next corollary. 



COROLLARY 3 One has the following identities on @ n > m 

(a) d^ n 1 = d^^dm+i 

(b) d m _i(^~ 2 = 5^d m+1 for m > 1. 

Proof. Applying the identity (i) of Lemma 8 on E n for p = N — 2, one obtains 

C" 1 = €+l(5m + l + [N~ l} q q- m+1 Y7rU-^) r U-m + r + l) = 
— a™ m Z~2r=o(~ ^Yfn-m+r+l) = ^m+l^m+l 

by using = [N] q = 1 + q[N — l] q . This proves the identity (a). Similarly, one 
proves (b) by using the identity (ii) of Lemma 8 on E n for p = N — 2 and the fact 
that, by (#), one has f n+N _ 2 -m+r+2 = 5^~ff n _ m+r+2 on E n , (and of course 
again [N] q = 0, or equivalently q[N — l] q — — 1). □ 

COROLLARY 4 The operators d m and 5 m satisfy d^ = and 5^ = for any 
m e N. 



Proof. For 8 m , this is classical (see e.g. [ Kapr|| ), namely one shows by induction 



that ($) implies 5 m = [p] q \ J2i 1 >- ->i p q ll+ "' +%v ~ P 2 ■ ■ - U P where the limit of the 
sum depends on m and on the degree of the element on which one applies the 
equality. Thus [N] q = implies 5% = 0. 

For d m , one obtains by applying d m on the right to both sides of the identity (a) 
of Corollary 3 and by using the identity (in) of Lemma 8: d^ = ^^d m+ ic? m = 
= on (B n > m -iE n . On the other hand if n < m — 1 then on E n one has 
d m = d 2 = which achieves the proof of d^ — since N > 2. D 
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Thus, for each pGi, (E, d p ) is a iV-complex. It follows from Corollary 3 
that one has on E n , d^- 1 = 5 p +?d p+l for n > p > and d^ 1 = d p 5^ for 
n > p + 1 > 1. In other words one has the following commutative diagram (\&) 



£7 



n+l 



jiV-l 

P+ 1 , Ar P+ 1 , Ar , i 



>+i 



E n+N- 



E r - 



E 



n+N+l 



E 



n+N 



£n+2N-l 



for n > p > 0. 



COROLLARY 5 TTie akwe commutative diagram induces homomorphisms 
tf, : # ( n +-i)(£, dp+i) - ^"l^ 1 ^, dp), 



**:H?+ N {E,d p+l ) 



'(i) v-*-^ "-p+i; ' j - l (n-i) 
for any integer n, p with n > p > and, for p = 



V*:H° 1) (E,d 1 )^Hy i) (E,d ) 

Notice that the last homomorphism ( "for p — 0" ) follows from the obvious fact 
that if p — or if p — 1, one has H^(E, d p ) = Z^(E, d p ). 



In order to avoid unessential complications in low degrees, we shall truncate 
the iV-complex (E, d p ) by setting E p = @ n > P ~iE n with the convention E~ l = 
for p — 0, (thus E — E 1 — E). Clearly (E p ,d p ) is still a iV-complex and our 
aim in the remaining part of this section is to rely its generalized cohomology 
to the cohomology of the pre-cosimplicial module (E n ) or, more precisely to 
the cohomology of the truncated complex (E p ,d); one obviously has H n (E) = 
H n (E p ,d), Vn > p. 
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THEOREM 1 The following diagram of homomorphisms 



starting with 



£2r+p fL_^ £.2(r+l)+p-l — 



cN-2 xN-2 
°2+p-l--- 2r+p-l 



rN-2 riV-2 
°2+p ■■■°2r+p 



rN-2 fiN-2 
°2+p-l---°2(r+l)+p-l 



JJjNr+p- 



E^ 1 

is commutative, Wp G N. 



j^jNr+p 



gN(r+l)+p-l 



E P-1 ^ £P £P+1 



rJV-2 
Vl-1 



— £ P — 



E N+p- 



Proof. By Corollary 3 (b), one has dpS^+p 2 -^ ■ ■ • f^+p-i = &2+p 2 • • • ^+p^2r+ P and 
by Corollary 3 (a) and (b), one has 



iN-lcN-2 KN~2 _ rAf-2 rAf-2 j 

tt p °2+p • • • °2r+p — °2+p-l ■ ■ ■ °2(r+l)+p-l tt2r +P+ 1 - 



The result follows then from the fact that, for any n G N, d n+ i = d on E n . □ 



In Theorem 1, the first row of the diagram is the truncated complex (E p , d) 
whereas the second row is the complex C ljP -i(E p , d p ) associated with the 
iV-complex (E p , d p ) as defined just before Lemma 7 so the columns of the di- 
agram define an homomorphism of complexes : (E p , d) — > Ci tP -i(E p , d p ). By 
combining this homomorphism with the homomorphism A defined before Lemma 
7, one obtains for each integer m with 1 < m < N — lan homomorphism of com- 
plexes $ miP = A m_1 o $ lp : (E p ,d) — >■ C rniP -i(E p ,d p ). The situation is thus 
summarized by the following commutative diagram 
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starting with 



E 2r+p-l i ^ glr+p 1 ^ £,2(r+l)+p-l i. 



rAT-2 rjV-2 

°2r+p-l 



cAT-2 x j- 



j^Nr+p—1 



j^Nr+p—l 



riV-2 cJV-2 
°2+p ••■°2r+p 



riV-2 

2+p-l---°2(r+l)+p-l 



j^Nr+p 



£jN(r+l)+p-l 



jjjNr+m+p-1 ^iW(r+l)+p— 1 



E p 



E p+l 



E p — - 



E N+ P~ 



EP- 1 



jjjm+p- 



E N+p- 



COROLLARY 6 The homomorphism $ m p induces canonical homomorphisms 
of modules 

$* m , p : H 2r+ P-\E) — > H^ +p -\E p , dp) for r G N mtfi r > 1 

^ : # 2r+p (£) — H»£y-\E„ d p ) for r G N, 
/or any p G N and m G {1, . . . , JV — 1}. Furthermore, for p = 1 one a/so aas 
a canonical homomorphism $* mi i : H°(E) — > H^(E, di), (i.e. one can take 
r = 0), for any m G {1, . . . , iV — 1}. 
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Proof. This is just the homomorphisms in (co)homology associated to the ho- 
momorphism of complexes. □ 

Before adding some more assumptions, let us make contact between Theorem 
1 and the diagram (\&). Since d p+ i = d on E p , in the case n = p one can extend 
on the left the diagram by adding the beginning of the complex (E, d). More 
precisely let us fill up the first quadrant, with the following commutative diagram 



E'P- 



E p - X 



EP- 1 



d p+l 



E P E P+1 



d=d v 



d=dp—i 
E V-2 . E p-1 



jN-l 
P-l 



E p 

si 

E N+p 



,N-1 

Jl-p 



J P+1 



-2 p . E N+p-i p __ 



rJV-2 
5 P-1 



d ~ dp - 2 , E p-2 E N +p -3 ap -\ E N+p-2 J^Zl 



rJV-2 



fi2N+p 



-3 



%>-2 



>-2 



with corner 
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E 1 



d=d,2 



E 



E 



N+l 



d 2 



E" 



d=d\ 



E 1 



E 



N 



di 



E 



N+l 



n "° at i d ° 

E° E 



5 1 



E 



N 



E 



2N-1 



do 



The p-th row is the complex Ci iP -i(E p , d p ) on the right of E p ~ l for p > 1 and 
is the beginning of the complex (E, d) on the left of E p ; it is a complex that we 
denote by C p . The columns between C p+1 and C p define an homomorphism of 
complexes : C p+ i — > C p which extends the commutative diagram when 
n = p. It is clear that the columns of the diagram of Theorem 1 are appropriate 
products of the ^ p s at appropriate places. In particular, the homomorphisms 
in Corollary 6 are appropriate products of the homomorphisms ^f #p induced 
in (co)homology by the ^ p : 

= o • • • o ^ 2r+p _x : H 2r+ P-\E) -> H^ +p -\E p , d p ) 

= o • • • o V* 2r+p : H 2r+P (E) - H^(E p , d p ) 
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Similarly when n = p + £ with 1 < £ < N — 2 one can extend on the left the 
diagram (\1>) as 







E p 



-i- 



E P+i 



d N ~ 1 



riV-2 
S P+1 



i.e. the first row is the complex Ci tP+ i (E p+ i, d p+ i) on the right of E p+l extended 
by the beginning of the complex on the left, etc. This diagram is still com- 
mutative, the rows are complexes and the columns define an homomorphism of 
complexes ^ p g. which induces in homology homorphisms 



K **p,l ■ -"(1) 



Nr+p+i 



{E p+1 , d p+ i) H^_u~ e {E P , d p ) for r > 1 



^*p,e- n (N-i) V-^p+iiUp+ij 



i drt 



H N ^ +p - 1+i (E p ,d p )forr>0, 



*p,i '■ {Ep+i, dp+i) — ► H^ N _^{E p , d p ) and 







Zf- 1+e (E p ,dp) 



for any pGN and £ £ {I, . . . ,N — 2}. This implies in particular that one has the 
homomorphisms: 



*p,i 



o • • • o 



*2r+p,l 



Nr+p—1- 
(1) 



{Ep, dpj 



^* P ,e o ■ ■ ■ o *S?*2r+p+i,t '■ — > H^^J~ (E p , d p ) 



for any p eN and £ G {1, . . . , N — 2}. 



The above results are more or less optimal in the framework of pre-cosimplicial 
modules under Assumption (A ) for k and q G k . To go further we shall need 
Assumption (Ai) for k and q G k and we shall restrict attention to cosimplicial 
modules |J-Lh||, [Weib]. A cosimplicial module is a pre-cosimplicial module (E n ) 
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with coface homomorphisms fj as before together with codegeneracy homomor- 
phisms Si : E n+1 — > E n , i G {0, . . . , n}, satisfying 
(6) SjSi = SiS j+1 if i < j 

and 

{fiSj-! if % < j 
I if i = joii = j + l 
U-iSj if % > j + 1 

Our aim is to prove the following theorem. 

THEOREM 2 If (E n ) is a cosimplicial module and ifk and q e k satisfy As- 
sumption (Ai), then the homomorphisms $* miP of Corollary 6 are isomorphisms. 

Therefore in the remaining part of this section, (E n ) is a fixed cosimplicial module, 
q is a fixed element of k such that [N] q = and [n\ q is invertible for 1 < n < N — 1 
and we use the notations previously introduced. 

It follows from Corollary 4 that 5% = 0. For m = 0, one has £ = by definition. 
On the other hand S p+ \ vanishes on E n for n < p therefore we consider the action 
of 5 P+1 on E p+ i = ® n > p E n . 

LEMMA 9 For any peN and for any integer m with 1 < m < N — 1, one has 
H( m )(E p+ i, S p+1 ) = 0. 

Proof. Define the endomorphism x P +i of E p+l by Xp+i{E p ) = and by Xp+i — 
q~ n+p s n ^ p : E n+1 — > E n for n > p. By using the relations (&$) one obtains 
Xp+i^p+i — 1 l 5p+iXp+i — IdE v+1 which implies the result in view of Lemma 5 
and of the fact that k and g -1 G k satisfy Assumption (Ai). □ 

LEMMA 10 Let p, n and m be integers with n > p > and 1 < m < N — 1 
and let x be an element of E n . Then the following conditions are equivalent: 
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(<) d?(x) = 

(ii) there exists y G E n+m ~ N snc ^ 

Proof. By using the identity (i) of Lemma 8, d™(x) = is equivalent to 

^OW*) + N^ n - P+1 Efn- P+ , + l(^)) = 

i=0 

which is equivalent, by Lemma 9, to 

5 p+1 (x) + [mU^j^U-p+i^x) = -tf + T +1 (y) 

i=0 

for some y G E n+m ~ N 

On the other hand, one has by direct computation 

<w< -m y) + M^^ p+1 Efn-p +i+ i«" m y) = <+r +1 (y) 

i=0 

which achieves the proof of the statement. □ 

Remark 3. Let us define an endomorphism of degree one d Ptm of @ n > P -iE n 
by setting d p ^ m = 5 P+1 + [m] q q n - p+1 Y% =0 U-p+i+i '■ En ~* En+1 - 0ne has a S am 
dp m = and d p>1 = d p whereas d Pt N-i = d p+1 . 

COROLLARY 7 The homomorphisms ^ of Corollary 5 are isomomorphisms. 

Proof. Let x G E n+N be such that d^ _1 x = 0. In view of Lemma 10, this is 
equivalent to the existence of a y G E n+N ~ l such that d p+ i(x — d p y) = which 
implies the surjectivity of ^* : H^ N (E,d p+1 ) -> H™+^(E,d p ). If x = 
then d p+ id p (z — y) — Sp +1 (z — y) = implies z — y = S^^u, in view of 
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Lemma 9, and therefore d p (z — y) — d p 5p+^u = d^^u which implies that 
yj/* : H^ N (E,d p+ i) — > H^^(E,d p ) is also injective and therefore is an iso- 
morphism. 

On the other hand let x G E n+N ~ l be such that d p x = 0. Then d p+ id p x = 
5 p+1 x = implies x = Sp^x 1 with x' G E n+1 , in view of Lemma 9, and dp+^x' = 
which implies the surjectivity of ^* : H"+^(E, d p+1 ) -> H^ N ^ (E , d p ) . If 
x = dp~ l y then x = 8p+*d p+ iy which implies that ^ : H^^(E : d p+1 ) — > 
H T ( ^ N ^ 1 (E, d p ) is also injective and is therefore an isomorphism. 

Finally the fact that ^ : H^(E,di) — > H^ N _^(E,d ) is an isomorphism fol- 
lows from the injectivity of 5f " 2 : -> E N ~ 1 . □ 

By using again Lemma 9 and Lemma 10 one deduces easily the following 
improvement of Corollary 7. 

COROLLARY 8 The homomorphisms (p G N) and the homomorphisms 
ty* P ,e (p £ N, £ G {1, . . . , N — 2}) are isomorphisms. 

Proof. The only nontrivial isomorphisms which are not contained in Corollary 
7 are: 

: HP(E) A H^ N _^{E p , dp) 
^*p,i '■ — > Z^ 1+e (E p , d p ) 
^*p,i '■ Z^ e (E p+1 ,d p+ i) — > H^^(E p , dp) 
for £ G {l,...,N-2}. 
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Let x G E p be such that d p ~ l x = 0. Then by Lemma 10, there is a y G -E p_1 
for which c? p+1 (a; — = d(x — dy) = which implies that ^* p : H P (E) — > 
H p N _^(E pi d p ) is surjective and therefore bijective since the injectivity is a tau- 
tology in view of d — d p on E v ~ l . 

Let x G £ p - 1+£ with l<£<iV-2be such that d p x = 0. Then d p+l d p x = 
8 p +iX = which implies x = in view of Lemma 9 and p < p — l + £ < p + N — 2. 
Finally let x G £ p+ ^ with 1 < £ < N - 2 be such that d^~ l x = 0. Then, again 
by Lemma 10, there is a y G E p+e_1 for which d p+1 (:r — d p y) = which implies 
(by changing p in p + 1) x = d p y in view of above. This completes the proof of 
Corollary 8. □ 

Proof of Theorem 2. Corollary 8 implies that the homomorphisms $*i iP of 
Corollary 6 are isomorphisms and that one has: 

H Nr +P -i +m{E ^ dp) = H »W» {Epi dp) = , Vm G {1, . . . , N - 2}. 

This implies, in view of Corollary 2 ((ii) <^ (Hi)) that the A* induce isomor- 
phisms implying that the $* mjP are isomorphisms Vm G {1, . . . , N — 1}. □ 

By using the equivalence (Hi) (i) of Corollary 2, one can now completely 
describe the homologies of the iV-complexes (E p , d p ) in terms of the (co)homology 
of the cosimplicial module (E n ). 

THEOREM 3 One has the following isomorphisms 
H^^iEp, d p ) ~ H 2r+ P-\E) forreN with r > 1 
H^ +1) - m+p -\E p , d p ) ~ H^ P (E) for TEN 
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H*-f(E p , d„) ~ ker(d : E^ 1 - E?) 

and H™ m j(E p ,d p ) = otherwise (i.e. if n ^ p — lmod(N) and 
n + m ytz p — lmod(N)) . 

Notice however that Theorem 2 is stronger than Theorem 3 in that it gives 
explicitely the isomorphisms. 



Remark 4. The above results hold more generally under Assumption (Aq) for 
k and q G k (i.e. [N] q = 0) for a pre-cosimplicial module E if we add the 
assumption H( m )(E p+ i, 5 p+ i) = 0,Vp 6 N and Vm e {1, . . . , iV — 1}. However 
this latter assumption is rather technical; it is why we have chosen to deduce it 
from Assumption (Ai) in the cosimplicial framework (Lemma 9). 



In the case of a simplicial module (E' n ), one can proceed similarily by intro- 
ducing iV-differentials d' p and 5' p of degrees —1 and one obtains similar results; the 
only difference being the replacement of the indices (m) by (N — m) and of course 
E'p-i/d'(E p ) instead of ker(d : E v ~ x — > E p ), (these replacements correspond to 
the duality). 



The iV-differential do as well as its dual d' have been considered in several con- 
texts payll , |[Kapr|| , ||D-VK]| , IPVID-VII , |KW| ; it is very natural. The A^-differential 



d\ was considered in [ p~VK]| , |[MD- V| ; in situations where one has products it 
is also very natural since it satisfies a g-twisted version of the graded Leibniz 
rule (see below). In these cases {p — 0, 1), E p — E and one does not need to 
distinguish the degree p — 1. Let us summarize the result (i.e. Theorem 3 and 
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its dual version) for these cases. 



THEOREM 4 Let k and q G k satisfy Assumption {Ax), let E be a cosimpli- 
cial module and let E' be a simplicial module. Then one has: 

(0) H$T\E, do) = H 2r ~\E), H^ +1) - m -\E, d ) = H*{E) and 



(0') H ( 

(1) H { 
H\ 

(!') H { 



m 

Nr 
(in 
n 

III 



(E, do) = otherwise, 



,Nr-l(E', d' Q ) = H 2r -i(E'), H( m ),Nr+m-l(E', d'o) = ^2r(^') 

t n(E',d' ) = otherwise, 

(E, d t ) = H^{E), H^ +l) ' m {E, d x ) = H^\E) and 
(E, di) = otherwise, 



.NriE',^) = H 2r (E'), H( m -) iNr+m (E', d[) = H 2r +i(E') and 
n (E',d[) = otherwise, 



forreN and m 6 {1, . . . , N - 1}. 



Let N be a prime number, then k = TLjNTL and q = 1 G Z/iVZ satisfy 
Assumption (Ai). By applying the statement (0') of Theorem 4 to the simplicial 
module over Z/iVZ associated to a simplicial complex (with q = 1), one obtains an 
improvement of the results of [ May ] . In fact, applied to this situation, Statement 



(0') of Theorem 4 implies the results of [|May|| and the complete identification of 
the generalized homology in terms of the ordinary homology with coefficients in 
Z/iVZ of the simplicial complex. 



Let k and q G k satisfy Assumption (A x ), let A be an associative unital 
k -algebra and let A4 be an A — A bimodule. It is well known ||J-LL|| , [|Weib|| that 
the complex of A^-valued Hochschild cochains of A is the complex of a cosim- 
plicial module. Applied to this case, Statement (1) of Theorem 4 is exactly the 
result announced in ||1V1D-V|| expressing the generalized cohomology in terms of 
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the Hochschild cohomology. Dualy, the complex of Hochschild chains of A with 



coefficients in Ai is the complex of a simplicial module and Theorem 1 of ||KW 
is Statement (0') of Theorem 4 applied to this case with M. = A*. 



Borrowing a sentence from Kassel and Wambst, (in the introduction of ||KW|| ), 
we can say that Theorem 3 and its dual version provide alternative exotical 
definitions of the (co)homology of a (co) simplicial module, (whenever there is a 
q G k such that Assumption (Ai) is satisfied). 
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4 Generalization of graded differential algebras 

Throughout this section q is a fixed element of k such that Assumption (Ai) is 
satisfied, i.e. [N] g = and [n] q is invertible in k for any n G {1, . . . , iV — 1}. 



Let us introduce the following definition |P- VK|| , [ MD-V |. A graded q- differential 



algebra is a N-graded associative unital k -algebra 21 = © n eN2T equipped with 
a k -linear endomorphism d of degree 1, its q- differential, satisfying d — and 
the graded q-Leibniz rule: 

d(a(3) = d(a)P + q a ad((3), Va G 2T and V/3 G St. 

Thus, (21, d) is in particular a positive (cochain) iV-complex. 
This is clearly a generalization of the notion of graded differential algebra since 
for iV = 2 and q = —1 it reduces to it, (for N = 2, k and — 1 G k obviously 
satisfy Assumption (Ai)). 



The graded g-Leibniz rule implies that Zm(2t) is a graded unital subalgebra 
of 21 and that Bm(2t) is a graded two-sided ideal of Zm(2l). Thus iim(2l) is a 
N-graded associative unital k -algebra. 



One defines in an obvious manner the notions of homomorphisms of graded 
g-differential algebras, of graded g-differential subalgebras, etc. 



In the present context, graduations over Zjy = Z/iVZ are also very natural, 
(see e.g. Example 1 below), therefore let us define a Z N -graded q-differential alge- 
bra to be a Z/v-graded associative unital k -algebra equipped with a g-differential 
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satisfying the above axioms. A graded g-differential algebra as defined before can 
be considered as a Zjv-graded g-differential algebra by retaining only the degree 
modulo N and we speak then of the underlying Z^-graded q-differential algebra 
for the latter. On the other hand let 21 = (& p( zz N W be a Z^-graded algebra and 
let n \— > p(n) be the canonical projection of N onto Zjv- One can associate to 21 
a N-graded algebra p*2t = © n eN £>*2T in the following manner. An homogeneous 
element of p*2l is a pair (n,a) G N x 2l p with p(n) = p G Zn and we identify 
p*2t™ = (n, 2t p(n) ) with the k -module W {n \ the product in p*2l being defined by 
(m,o;)(n, (3) — (m + n,a(3). The canonical projection n : p*2l — ► 21 defined by 
n(n,a) = a is an homomorphism of the Z^-graded algebra underlying to p*2l 
onto 21 and the pair (p*2l, 7r) is characterized by the following universal property: 
For any N-graded algebra Q and for any homomorphism of Z^-graded algebras 
of the underlying Z^-graded algebra to Q into 21 there is a unique homomorphism 
of N-graded algebras <p : Q —> p*2l such that ip = n o (p. If 21 is a Z^-graded 
g-differential algebra then there is a unique g-differential on p*2l such that n is 
an homomorphims of the underlying Z^-graded g-differential algebra of p*2l onto 
21. 

In what follows we give some examples of constructions of graded g-differential 
algebras. 
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Construction 1: g-derivations. 



Let 23 = © ne N2S n be a N-graded associative unital k -algebra and let d be a 
k -linear mapping of degree 1 of 23 into itself which satisfies the graded g-Leibniz 
rule; we shall refer to such adasa q-derivation of degree 1 of 23. Then, by using 



the inductive definition of the g-binomial coefficients 
one obtains by induction on n: 



n 
m 



(see in Section 1), 



d n (a[3) = J2<l a 



(n—m) 



m=0 



n 
m 



d m (a)d n - m ([3), Va G 23" and V/3 G 23. 



On the other hand it follows from [N] q = and from the invertibility of [m] q for 

N 



m G {1, . . . , N — 1} that one has 



m 



— 0, Vm G {1, . . . , N — 1}. This implies 



that d N is a homogeneous derivation of 23 (i.e. d N (a(3) = d N (a)f3 + ad N (f3)). It 
follows that ker(d N ) is a graded unital subalgebra of 23 which is stable by d and 
therefore that 21 = ker(d N ) equipped with d is a graded g-differential algebra. 
This is in fact the very reason of the compatibility of d N = with the graded 
g-Leibniz rule for d under Assumption (Ai). This provides the construction of a 
graded g-differential algebra by starting from a g-derivation of degree 1. 



There is an easy way to produce such a g-derivation of degree 1 of 23 by 
starting from an element e of 23 1 : Define the k -linear mapping ad q (e) of 23 into 
itself by setting ad q (e)(a) = ea — q a ae, Va G 23 a ; then it is immediate that ad q (e) 
satisfies the graded g-Leibniz rule. The g-derivations of degree 1 obtained by this 
construction will be refered to as the inner q-derivations of degree 1 of 23. By 
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induction on n, one obtains: 

n 

(ad q (e)r(a) = £(-1)™? 



ma-\~ 



m(m— 1) 



m=0 



m 



e n - m ae m , Va € 03 a 



In view of Assumption (Ai), 



N 
m 



for m G {1, . . . , N — 1} so one has 
ad g (e) Ar (a) = e^al- (— l) N q~ ( ~ ~ae N . By using again Assumption (Ai) one can 
show that (— l) N q~ ( ~ " = — 1; this is obvious if N is odd and for N even, this 
follows from the invertibility of [N/2] q which implies q N ^ 2 — — 1. Thus one has 
(ad q (e)) N = ad(e N ), i.e. (ad q (e)) N (a) = e N a — ae N and therefore ker((ad q (e)) N ) 
is the commutant {e^}' of e N in 03. In particular, if e is an element of degree 1 
of 21 such that e N is central, then ad q (e) is a g-differential on 21, i.e. 21 equipped 
with d = ad q (e) is a graded ^-differential algebra. Before giving an example of 
this construction, let us generalize the notion g-derivation of degree 1. 



A q-derivation of degree £ G Z of 03 is an homogeneous k -linear mapping 
L : 03 — > 03 of degree £ such that : 

L(a/3) = L(a)/3 + q ia aL{(3), Va G 03" and V/? G 03. 

The module of all g-derivations of degree £ of 03 will be denoted by Der^(03) 
and the direct sum Der 9 (03) = ©^ eZ Derg(03) will be refered to as the module of 
graded q-derivations of 03. Again, there is an easy way to produce a g-derivation 
of degree £ G N by starting from an element A G 03^: Define the k -linear map- 
ping ad q (X) of 03 into itself by setting ad q (X)(a) = \a — q £a a\, Wa G 03 a ; one 
easily verifies that ad q (X) is a g-derivation of degree £ of 03. The direct sum 
Intqffi) = ©£<2<i g (03 £ ) is a graded submodule of Der g (03) which will be refered 
to as the module of inner graded q-derivations. Notice that there is no natu- 
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ral graded bilinear bracket on Der g (Q5) for q ^ 1 and g ^ -1. This does not 
mean that there are no multilinear operation, for instance the above formulae 
imply that the symmetrized composition of N g-derivations of degree one is a 
g-derivation of degree N. 

All this obviously also applies to the Z^-graded case. 

Example 1: Matrix algebra. 

Let us introduce the standard basis Eg, (k,£ G {1, . . . , N}), of the algebra 
M N (k ) of iV x N matrices defined by (E k t )) = 5*6}. One has E\E r s = 8 k s E r t 
and J2n=i^n = 1- ^ follows that one can equip M N (k ) with a structure of 
Z^v-graded algebra by giving to E\ the degree k — £ mod(iV). 
Let e = Ai£f + ■ • • + Xn-iE^^ + Ajv-E^, (Aj G k ), be an arbitrary element of 
degree one of M N (k ). One has e N — Ai . . . Ajyl and therefore e N is in the center 
of Mjy(k ) so one defines a g-differential d on M N (k) by setting = eA — q a Ae 
for A G Mjv(k ) a . Equipped with the above structures M N (k ) is a Zjy-graded 
g-differential algebra and therefore p*M N (k ) is a graded g-differential algebra. 

Construction 2: (pre-)cosimplicial algebras. 

Let (E n ) n( zfq be a pre-cosimplicial module (over k ) with coface homomor- 
phisms fi : E n — > as before. We shall say that (E 1 ") is a pre-cosimplicial 

algebra if the N-graded module E = ® n &nE n is equipped with a structure of 
N-graded associative unital k -algebra compatible with its structure of graded 
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module and such that one has Va E E a , Vf3 E E b 



and 

(Ofo) fa+i(a)/3 = af (/3) 

where i— > a/3 denote the product of -E 1 . If furthermore (E n ) is a cosimpli- 

cial module (i.e. if one has the codegeneracy homomorphisms) then (E n ) will be 
called a cosimplicial algebra whenever one has Va E E a , V/3 E E b 

(06) «.(«« = tf j>" .* e {0,....a + 6-l} 

Let the iV-differential di of be defined as in Section 3, i.e. 
di = Er=o9 < f< _ : E " Then one has the following result. 

PROPOSITION 3 Let (E n ) be a pre- cosimplicial algebra. Then E = ® n E n 
equipped with d\ is a graded q- differential algebra. 

Proof. Since, from Corollary 4, we know that d± = it is sufficient to prove 
that di satisfies the graded g-Leibniz rule. Let a E E a and (3 E E b , one has 
di(aP) = Yli=o < fU( a P) ~ Q a+b fa+b+i( a P) which can be rewritten by applying 
Wi) as 

di(aP) = Ei=o q%(<*)P + 1 a a (E$=i Q j W) ~ Q%+i(P)) and, by using (%) 
di(aP) = (El Q l U(®)-q a U + i(a))[3 + q a a (£$ =0 <t>W) ~ ^ 
= di(a)/3 + g°acZi (/?).□ 
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Applied to the case N = 2, q = — 1, Proposition 3 implies that E equipped 
with the usual d is a graded differential algebra, which implies in particular that 
the usual cohomology H(E) of (E n ) is a N-graded associative unital k -algebra. 

In the case where (E n ) is a cosimplicial algebra, Theorem 4 (1) implies that 
= H^(E), H^~ m (E,d 1 ) = H^\E) and H? m) (E,d 1 ) = oth- 

erwise. 

Warning. H^(E,d\) is an algebra (as shown above) as well as H(E). How- 
ever, in spite of the fact that the module H^)(E,di) does only depend on the 
module H (E) in the cosimplicial case, the algebra structures are not the same e.g. 
H^ r+1) -\E,d 1 ) = H 2r+ \E) and H^ S+1) -\E, = H 2s+ \E) but 

H N(r+l)-l H N(.+l)-l c H N(r+s+2)-2 = Q jf j\T > 3 although H 2r+ \E)H 2s +\E) 

can be 7^ 0. 

Example 2: Simplicial forms. 

Let K be a simplicial complex, i.e. K is a set equipped with a set S of 
non-empty subsets such that X e S and Y C X with F 7^ implies Y <E S 
and such that {x} e 5, Vi G X. An ordered n-simplex (n G N) is a sequence 
(#o, • • • 1 x n) with Xi <E K such that Im(x) = U" =0 {xj} <E S. Ak -valued simplicial 
n-form is a k -valued function (x , . . . ,x n ) 1— > c«j(a; , . . . ,x n ) on the set of or- 
dered n-simplices. Let £l n (K, k ) denote the k -module of all k -valued simplicial 
n-forms. The graded module £l(K, k ) = © neN Q n (ii', k ) is a N-graded associa- 
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tive k -algebra for the product (a,/?) i— > a(3 defined by (a/3)(xo, . . . , x a+ b) = 
a(xo, . . . , x a )(3(x a , . . . , x a+ b) for a G fl a (K, k ), (3 G fi 6 (/T, k ) and any or- 
dered (a + fe)-simplex (xq, . . . , x a +b)- One verifies easily that (Q n (K, k )) is a 

i 

cosimplicial algebra with fj, Sj defined by fj(a;)(a;Q, . . . ,x n+ i) = uj(xq, . v . ., x n+ i) 
Vi G {0, . . . , n + 1} (where Y means omission of x{) and Si(u)(xo, . . . , = 
o;(xo, . . . , Xi, Xi, . . . , x n _i) Vz G {0, . . . , n — 1} for u> G ^"(-ft', k ) and any ordered 
(n + l)-simplex (xo, . . . , x n+ i) and any ordered (n — l)-simplex (xq, . . . , x n _i). It 
follows that equipped with di, k ) is a graded g-differential algebra. Notice 
that d\ is then given by : 

n j 

di(u)(x , . . . ,x n+ x) = ^q'u^xo, . v ..,x n+ i) - q n u(x , . . .,x n ) 

i=o 

for uj G Q n (K, k ) and any ordered (n + l)-simplex (x , . . . , x n+ i). 
According to Theorem 4(1) one has : 

H^(n(K, k ), d 1 ) = H 2r (K, k ), H^ +1 ^ m (n(K, k ), dO = ^ +1 (iT, k ) 

and H?J$}(K, k ),di) = otherwise, where H(K,k ) denotes the usual coho- 
mology of the simplicial complex with coefficients in k . 



Example 3: Hochschild cochains. 



Let A be an associative unital k -algebra and let Ai be an A — A bimodule. 
Recall that a M.- valued Hochschild cochain of degree n (n G N) is a n-linear 
mapping of A x ■ — x A y into M.. The k -module of all A^-valued Hochschild 

n 

cochains is denoted by C n (A, M). The sequence (C n (A, M.)) is a cosimplicial 
module with cofaces fj and co degeneracies 5j defined by | |J-LL| ], [ |Weib 
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fo(w)(x , ...,x n )= x Q u(xi, ...,x n ) 

U(u)(x , ...,x n )= uj(x , . . .,Xi-iXi, ...,x n ) for i G {1, . . -,n} 

fn+l(^)(^0, ■ • • , %n) = W(X , ■ ■ ■ , X n -i)x n 

and 

Si(u)(xi, . . . ,x n -i) = u(xt, ...,xt, l,x i+ i, . . .,x n -i) for i G {0, . . . , n — 1} 

for G C n (.4, M) and z< G A 



Thus C(A, M) = Q) n C n (A, M.) equipped with d\ is a iV-complex and one has 
HfaiCiAtMWt) = H 2r (A,M), H^-^Ci^M),^) = H 2r +\A,M) 
and H^ m JC(A, M.), d\) = otherwise, where H(A, M) denote the usual Hochschild 
cohomology of A with values in M.. The iV-differential d\ being given by 
dx(uj)(x , . . . ,x n ) = x lu(xi, . . .,x n ) 

+ E"=i <?M x o, • • • , Xi-iXi, ...,x n )- q n uj(x , x n _i)x n 



for oj G C n (A, M) and x» G A. This iV-differential has been introduced in [p-VK 
with another notation, (d\ \— > S q ). 



In the case M. = A, C(A, A) has a natural structure of N-graded associative 
unital k -algebra with product (a,/3) i— > a(3 given by 

a(3{x u x a+b ) = a(x t , x a ){3(x a+1 , x a+b ), 

for a G C a (A,A), (3 G C b (A,A),Xi G A 

It is easily verified that (C n (A, A)) is a cosimplicial algebra and therefore it fol- 
lows that (C(A,A),di) is a graded g-differential algebra. 
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Example 4: The tensor algebra over A of A <S> A. 



Let again A be an associative unital k -algebra and let us denote by %(A) = 
© ng N t T n (.4) the tensor algebra over A of the A — A bimodule A <8> A, (<8> always 
means the tensor product over k ). This is a N-graded associative unital k - 
algebra with % n (A) = ® n+1 A and product (xq ® ■ ■ ■ ® x n )(y ® • • • <g> y m ) = 
xo <8> • • • <8> x n -i ® x n yo ® yi ® • • • ® y m for Xi, yj G A One defines a structure of 
cosimplicial module for (% n (A)) by setting 
fo(^o ® ■ ■ ■ ® x n ) = 1 ® x ® ■ ■ ■ ® x n 

fi(xo ® • ■ ■ ® x n ) = xo <g> • • • <£> Xj_i ® 11 £g> Xi ® ■ ■ • (8> x„ for 1 < z < n 

fn+l(x ® • " " ® X n ) — X <g) ■ • • ® £ n <g) 11 

and 

Si(xo <8> • • • <2) x n ) = xq (g) • • • <g> X{Xi + i ® ■ ■ • <8> x n for < i < n — 1 
One shows easily that with the above structures, %(A) is a cosimplicial algebra 
and therefore, %(A) equipped with the iV-differential d\ is a graded g-differential 
algebra. It follows (Theorem 4 (1)) that the H? m J%(A), d\) can be computed in 
terms of the cohomology H n (Z(A)) of the cosimplicial module %(A). However we 
shall give later a direct proof of the triviality of these generalized cohomologies 
whenever A admits a linear form u satisfying u(T) = 1 by using Lemma 5. 
In this case d\ is given by 

n 

d\{xQ ® ■ ■ ■ ® x n ) = q l x ® • • • ® Xi-i ® t <g> Xi ® ■ ■ ■ ® x n — q n x ® • • • ® x n ® 1 

i=0 



so it coincides with the g-differential of %(A) introduced in |D-VK 



As pointed out in | |D-VK[| , the graded algebra %{A) can be characterized by 
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a universal property. Indeed A ® A is the free A — A bimodule generated by 
t = 1 ® 1, hence X(v4) is the N-graded associative k -algebra generated by .A in 
degree and by a free generator r of degree 1; Xq Cg) • ■ • ® x n — Xqtx\ . . . rx n . This 



implies the following result [ p- VK]] . 



PROPOSITION 4 Let 21 = © n 2T fre a N-graded associative unital k -algebra. 
Then for any homomorphism of unital k -algebras if : ^4 — > 21° and /or am/ 
element a of 21 1 ; £/iere zs a unique homomorphism of graded unital k -algebras 
T^q, : T(.A) — > 21 which extends if and is such that % (p ^ ,{r) = a, 
(r = 1® 1 e I'iA)). 

By applying this result to the case where 21 = C(A,A), (Example 3), where 
f is the identity mapping of A onto itself considered as an homomorphism of A 
into C°(A, A)(= A) and where a is again the identity mapping of A onto itself 
considered as an element of C l (A, A), one obtains the canonical homomorphism 
^ = ^<p,a '■ "£(*4) —> C(A,A) of graded unital algebras defined in [jMassj] which 
reads 

^(x <g> • • • ® x n ){yx, . . . , y n ) = £ 2/i^i • • • VnX n , forx i5 yj E A. 



PROPOSITION 5 The above homomorphism \1/ is an homomorphism of cosim- 
plicial algebras, i.e. one has ^ o f j = f i o ^ and \I/ o Sj = Sj o \1> with obvious 
notations. 

This statement is easy to check. This implies in particular that one has 
^ o d\ = d\ o \1> as well as 1 J r od = do^ where the usual cosimplicial differential 
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d is the ordinary Hochschild differential on C(A,A). 



As pointed out in |P-VK|| (with a slightly different formulation), the g-differential 
d\ on %(A) is the unique g-derivation of degree 1 of T(^4) such that one has 
d x (x) = 1 ® x - x ® 1 for x e A and d x {t ® 1) = 1 ® 1 ® 1(= (1 ® l) 2 ). 
By induction on the integer n, one shows that 



<(1 ® 1) = [n],!(l <g> l) n+1 = [n],! l^ (n+2) 



and 



d"( x ) = [n] g !(l<g> l)"- 1 ^) = [n] ff ! l® n d(x 



for x E A with <i(x) = 1 ® x — x Cg) 1 = d\{x) 



Remark 5. One can extend the setting of pre-cosimplicial algebras in a frame- 
work of monoidal categories of pre-cosimplicial modules. More precisely let E, F 
and G be 3 pre-cosimplicial modules with coface homomorphisms denoted by f, 
and assume that one has bilinear mappings U : E a x F b — > G a+b such that 

r / , , a\ f fi(c*0 U/3 if Z < a . r „ ,7,11 

^ U ^ = {Lui_ a (/?) if <>a ' + 
and such that 



f o+ i(a)U/3 = aUf (/9), Va G E a and W/3 e F b . 

Then one has c?i (a U /?) = (a) U /3 + q a a \Jd%(/3), with d\ defined as in Section 3. 
This applies in particular to a generalization of Example 2 by taking for E the 
simplicial forms with coefficients in a k -module £ , for F the simplicial forms with 

45 



coefficients in a k -module T and for G the simplicial forms with coefficients in 
the k -module £ <S> U being then the tensor product over k combined with the 
product of simplicial forms. This also applies to Hochschild cochains by taking 
E = C(A,M), F = C{A,N) and G = C(A,M ® A AO where M and Af are 
A — A bimodules; the bilinear mapping U is then the tensor product over A and 
corresponds to the usual cup product, (see in ||D-VK]| ). 



Construction 3: Universal g-differential envelopes. 

Let A be an associative unital k -algebra and consider the following category 
q A . An object of q A is a graded g-differential algebra Q = Q) n eN^ n together 
with an homomorphism of unital algebras (p : A — > fi°; a morphism of (fl, (p) 
into (Q', (p') is an homomorphism if) : Q — > Q' of graded g-differential algebras 
such that if' = ip ° f '■ A — ► An object of g^ will be refered to as a 

q- differential calculus for A. An important property of q A is that it possesses 
an initial universal object. Namely there exist a graded g-differential algebra 
fl q (A) and an homomorphism of unital algebras ip q of A into Qg{A) such that, 
for any g-differential calculus (O, <£>) for ^4, there is a unique homomorphism 

: Qq(A) — > Q of graded g-differential algebras satisfying ip = tp^o ip q . Clearly 
(fi 9 (^4), <^ g ) is unique up to an isomorphism and will be refered to as the universal 
q-differential calculus for A and the graded g-differential algebra fl q (A) will be 
called the universal q-differential envelope of A. It is straightforward that tp q is 
an isomorphism and we shall identify A with VL Q (A). One constructs easily Q q (A) 
by generators and relations ||D- VK|| : it is the graded algebra generated by A in 
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degree and by the d e (A) in degrees £ for £ G {1, . . . , N — 1} together with the 
relations of ^4 and the relations 



d n (xy) = 



m=0 



n 
m 



d m (x)d n ~ m (y) 



Vx, y G A 



and one defines the d on Q q (A) by the graded g-Leibniz rule and d N = (from 
d on .4.). One has d(l) = and the k -modules d e (A) are all isomorphic to .4/k 1. 



The graded g-differential algebra (%(A),di) of Example 4 together with the 
identity A = Z°(A) is a graded g-differential calculus for A and therefore there 
is a unique homomorphism of graded g-differential algebras of Q q (A) into %(A) 
which extends the identity mapping of A onto itself and the following result is 
not very hard to prove ||D-VK[ . 



THEOREM 5 The unique homomorphism of graded q- differential algebras of 
fl q (A) into %(A) equipped with d\ which induces the identity mapping of A onto 
itself is injective. 

It follows that we can identify Q q (A) with the graded g-differential subalgebra 
of (1(A), di) generated by A(c 1(A)). 

LEMMA 11 Let A* be the dual module of A. The following conditions (i) and 
(ii) are equivalent for the algebra A. 

(i) The canonical bilinear mapping of A* x A into k is surjective. 

(ii) There exists uj G A* such that oj(1) = 1. 

Proof, (ii) =^ (i) is obvious since the canonical image of A* x A is an ideal of 
k . Assume that (i) is satisfied so that there exist c^o £ A* and Xq G A such that 
^o(^o) = 1; then uj G A* defined by u(x) = u (xxo) Vx G A satisfies (i). □ 
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PROPOSITION 6 Assume that A satisfies the equivalent condition of Lemma 11. 

Then the generalized (co)homologies of (%(A),di) and offl q (A) are trivial in the 

sense that one has : 

H- m) (%(A), di) = H? m) (Sl q (A)) = for n>l and 

H° m) (X(A),d 1 ) = H° m) (n q (A))=-k for me{l,...,N-l}. 
Proof. Consider the Z-graded module E = k e.^-i)©* • -©k e_i©X(^4), where 
k Ci is the free k -module of rank 1 with generator e,, i G { — (JV — 1),...,— 1}. 
One extends d\ to £ by setting d\C-\ = t and die_j = e_(j_i) for JV — 1 > i > 2. 
One still has d± = so (E,di) is a iV-complex. Let w be a linear form on A 
satisfying u(T) = 1 and let us define an endomorphism h of degree — 1 of E by: 

h(x © ■ ■ ■ ® x n ) = cj(x )xi ® • • • <g) x n 

for Xi E A and n > 1, ^(xo) = — q~ 1 u( y x )e„i for rr G A 

/i(e_0 = -<T (m) (l + <? + ••• + g l )e_ ( , +1) 

for JV — 2 > i > 1 and /i(e_(jv-i)) = 0. One has on E 1 : fodi — gdi/i = J. By 
Lemma 5 it follows that H( m )(E) = 0, Vm G {1, . . . , JV — 1}. The submodule 
F = k e_(jv_!) © ■ ■ • © k e_i © fi 9 (.4.) is stable by d 1 and by h and therefore 
H( m )(F) = 0, Vm G {1, . . . , JV — 1}. This implies immediately the result. The 
stability of F under the action of h follows from the fact that Q q (A) is generated, 
as k -module, by the x d ni Xi . . . d np x p , Xj G A, rii G {1, . . . , JV — 1} and from the 
expression of the d n x as d n x = [n} q \t® n dx for x G A. □ 

It is worth noticing here that the equivalent conditions of Lemma 11 are auto- 
matically satisfied if k is a field. The above constructions and results generalize 

48 



well known ones for q = — 1 (N = 2). 

By starting from graded g-differential ideals of £l q (A) generated in degree greater 
than or equal to 1, one constructs graded g-differential algebras which coincide 
with A in degree and are generated by A. 
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5 Further results and perspectives 

Let £ be a iV-differential module with iV-differential d and let us extend the 
homomorphisms [i] : H {m) (E) -> H {m+1) (E) and [d] : H {m+1) (E) -> H {m) (E), 
m G {1,...,JV - 2} to the module H^(E) = ®^l\H {m) (E) by setting 
[i](i?(jv-i)(-E)) = and [d](H^(E)) = 0. It is clear that then, [i] and [rf] are 
two (N - ^-differentials on #(.)(£), (i.e. [i]^" 1 = and [d]^ 1 = 0). What 
is less obvious but has been proved by Kapranov in ||Kapr|| in that [i] + [d] is 



also a (N — I)-differential on H^(E) i.e. that one has ([i] + [d]) N 1 = 0. In 
the case where N = 3, [i] + [d] is an ordinary differential and it was also proved 



in 



Kapr|| that then the differential module (H^^E), [i] + [d]) is acyclic, (i.e. 
ker([z] + [d]) = Im([z] + [d])). It is easy to see that the latter result is equivalent 
to the exactness of the hexagon (Ti. 1 ' 1 ) for N = 3, i.e. it is equivalent to Lemma 
1 in the case N — 3. In this sense, Lemma 1 appears as the generalization to 



arbitrary iV > 3 of this result of [Kapr 



It was shown in [Kap_r that if q G k is such that Assumptions (Ai) is satisfied 
then one can construct a tensor product for A^-complexes in the following manner. 
Let (E\ = © n -E™, di) and (E 2 = ® n E 2 , d 2 ) be two A^-complexes and let us define 
d on Ei ® E 2 by setting 

d(ai ® a 2 ) = di(ai) ® «2 + g ai "i ® d 2 (a 2 ), Vai G £f, Va 2 G £ 2 , 



one has again by induction oehgN 

n 

d n (ai ®a 2 ) = Y^ q ai[n - m) 



m=0 



n 
m 



and therefore Assumption (Ai) implies d (aci ®a 2 ) = (ai)a 2 + aidtj (a 2 ) = 
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Unfortunately, as pointed out in ||ASi|| , when (E±, di) and (E2, d-i) are furthermore 
two graded g-differential algebras, d fails to be a g-differential in that it does not 
satisfy the graded g-Leibniz rule except for q = 1 or q = — 1. This latter draw 
back is closely related to the fact that there is no natural bilinear bracket on the 
graded g-derivations except in the cases where g = lorg = — 1, 



For g = — 1, it was shown in ||Kar|| that the graded commutators in il(A) = 
fi(_i)(.4.) are stable by the differential and that the quotient complex of Q(A) by 
the graded commutators which was called the noncommutative de Rham complex 
has a cohomology which identifies generically with the reduced cyclic homology 
of A. Unfortunately one cannot define naively along the same line a g-analog of 
the noncommutative de Rham complex because for q 7^ 1 and q 7^ — 1 the graded 
g-commutators in Q q (A) are not stable by the g-differential. This is again closely 
related to the non existence of a natural bilinear bracket on the g-derivations for 
g 7^ 1 and g 7^ —1. 

Let us finally mention a potential application of iV-complexes in nonassociative 
algebra. There is a simple-minded way to understand the usual complexes associ- 
ated to Lie algebras and to associative algebras. Indeed in these cases the Jacobi 
identity for Lie algebras and the associativity condition for associative algebras 
are identities which are quadratic in the product. Therefore if one interprets 
the product or its dual as the first step of a differential d, the above quadratic 
identities correspond to the first step of d 2 = (one then extends d appropri- 
ately and combines it with representations). This suggests that if one starts with 
a nonassociative algebra where one has for the product identities of degree N 
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replacing associativity, one should associate iV-complexes to it and that a good 
(co)homological theory for such an algebra would be a generalized (co)homology 
of the type considered here. In particular we expect a theory with d 3 = for 
Jordan algebras. Work on such an approach is currently in progress. 



It is worth noticing here that Kassel and Wambst are developing a version of 
the theory of iV-complexes which is more in the line of modern homological alge- 
bra and which contains in particular an appropriate generalization of the functors 



Tor and Ext KW . 
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